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Shall Splitting Due to Electric Pielde 


David P. Stem 

Theoretical Studies Branch, code 641 
Goddard Space Pli^t Center 
Creenbelt, Maryland 20111 


Drii’t shells of trapped particles starting from a single field 
line in the earth's magnetic field may become separated due to an 
electric field. Using the formalism of the shell splitting fxinction, 
this separation is calculated for an arbitrary curl-free time-inde- 
pendent electric field stisfying a 0 , with no limitation on 
the particle's longitudinal excursion. The effect of non-dipole 
field components is also taken into account to the lowest order. 


In a dipole t'jeid truppad particlea nUirting I'xuo a coiuL'on 1'it‘ld line 
with different valuet; of the mirror-point field intenxiity vi’j, in 

^neral, share the same drift sholl. If the field sutlers an asyumetric 
perturbs tion^ this no lon£;er occurs and the drift shells of particles with 
different will separate as the distance from the startinK field line 

increaseso This effect is commonly known as shell splitting • It is of 
interest, since in conjunction with pitch-angle scattetlt;g it imiy trans- 
port particles across field lineso 

bllectric fields may cause shell splitting; in a recent artxcle by 
Roederer and Schulz [ 197l] , shell splitting due to a certain choice of 
eloctric field was derived, for particles with small longitudinal excursions 
(i.6o near-equatorial particles) in a dipole magixetic fields 

Roederer and Uchulz derived their result more or loss from first prin- 
ciples, but a systeiaatlc approach also exists, based on the concept of the 
shell splitting function f Stem . 1968, henceforth referred to as A ] . 
This approach will be used here to generalize the preceding result and to 
derive shell splitting due to a more general electric field. The calculation 
is not restricted to near-equatorial orbits and can be readily generalized 
for magnetic fields that deviate somewhat from the dipole configuration, 

3HRLLS IN A DIPOLE FlEIi) 

Consider first only the dipole component ^ of the earth's magnetic 
field; quantities pertaining to this component will henceforth be distin- 
gtdshed by subscript zero. This field may be described by eiuler potentials 


J 


[ Stern » l^j70, and referencea listed there ] » with 

'^0 * ® ain^O (i^) 

Po - ^5) 

0 

here a is the earth's radlxuB» is the axial dipole coefficient of 

the scalar magnetic TOtential and ( r» 9 , 'f ) are epberical dipole 

. Igfaap Mt 1963_L 0 

coordinatea yTso that g^ describee the entire dipole component of the field. 

In the absence of electric fields the momentum p is conserved and the 
longitudinal invariant J becomes 

J » 2 p I 

- -fi‘ 

B' 
m 

with the integration carried along a field line. To facilitate this integration 
in a dipole field one may express the field intensity as 

Bq " Bo< 

( ^ Q does not enter due to axial symmetry). Then 1 is given by a 

function I^( B ) , defined throui^ 

U U Dk 
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V ”^0* “J 


1 - Bq( t js/of) db 


Ji* 6i 


where a is differentiated with held constant and where ^ is 

0 m 

the colatitude associated with B (for the actual use of ana similar 

KD U 

functions, see iatem . 1967a )• The equation of the drift shell associated 
with a given pair of values of (I, B^) is then 




and this may be inverted to 


•^0 = ® 0 <^> 


Note that this is a particular case of the general equation 


f ( ftg. I, B^) = 0 


of a two-parameter family of surfaces that are everywhere orthogonal to ^ 
in a dipole field using 

( is absenty^due to symmetry). Instead of the parameters (1, B^) one 

can characterize this family by any two independent functions of these 
parameters. In particular, if is one of these fxmetions, the shell 

equation depends only on one parameter^ namely Cq . Thus the function 
Gq is closely related to Kcllwain's shell parameter L Mcllwain , 1961 


and in fact 


Ul, - a gj / Oq 


UO) 
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5MRIJ. SPLTrPTNC WY BIJaTTOTr ffTRU) 

Let now a static electric field be added 

E - - (11) 

with no time dependence and no component parallel to • This last 
condition implies that 


•P ■ ( -^0’ 

Let it furthermore be assumed that this field is relatively weak, so 

that the motion of particles moving in the vicinity of the dipole is only 

slightly modified. For particles trapped in the combined electromagnetic 

field J and B are still conserved, but I is not, since p is no 
m 

longer a constant. One may nevertheless resolve J into a product 
involving I 

J = p I (13) 

If at a particular instant the field line followed by the particle 
is characterized by Suler potentials ( Pq)> then I is expressed 

by the function of eq. (6) while p is given by 

= («, ♦ - 'Pal (14) 

Here W is the energy and the subscript s refers to some starting field 
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line to all energies are referred (obvious choices would be field lines 

in the noon meridian or in the midnight meridian). Neglecting second order 
corrections (as will henceforth always be assumed) 

pV . + 2«W^ [“fl S' Po^ - +3 J (15) 

P - P, 1^1 ♦ {•«_,/ [f( «<o. pg) - 1>3i| (16) 

Let a constant 1 be tlefined* equal to I on the initial field line 

8 

I, - J/p, (17) 

Substituting (16) in (13) then gives as the shell equation to lowest order 

where 

^ ("s' '^ 0 ' Po^ “ (• po^ - *^3] 

As in the transition between equations (?) and {&), this may be inverted 
to give the shell equation as 

■^0 = 8q ^ 

8o(^e'V - 6('J8 o/'^I) 


/V 


( 20 ) 
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7h« neeond on th« right is what was definad in raferanca A as tha 
"shall splitting function" and it distinguiahas tha shalls in tha prasant 
easa fros thoaa givan by eq. ( 6 ) for tha case whan tha alactric fiald is 
absant. To evaluata this function ona notaa that, slr.ca (6) is tha invarsa 


of 16 ) 




Diffarantiation yialda 




( 22 ) 


and hanca 




( Iq /-S 


It ma:* ba shown ^ Stem . 1967a"] that 


(23) 


('JIo/T>o<o) ' g°/ 2 <<0 > 


(24) 


whara is an integral defined by Pennington [,196li . Tha expression 
giwan in (24) does depend on o^q * but since c/q varies only slightly 
around a drift shall, we are justified (at least to lowest order) in 


replacing it with its initial value 


, and a similar substitution 

8 


may be performed in 4^ • This gives the shall equation to lowest order 


Gcd.. B.) ♦ (2 • W, / .SjO K. p" ) I ( “<s. ‘ 't’ . 1 


( 25 ) 


8 


The second term in (25) gives esplieitely the effect of the electric field 
on the shape of drift shells. Since it depends on both W and 6 ^ , it 
indeed leads to energy*^ependsnt shell splitting. 

mi-L awjwno n - PTUBta roma 

In slightly asymuetrical fields the eqiiations of drift shells are further 
modified in the manner described in reference A . To the first order the 
two modifications may be independently applied, leading to a first-order shell 
equation 

-0 ♦ •’^1 - - V-'a'Po'V 

♦ ( )[+( V.V - 

(26) 

vhen ^ is the first-order correction to the Euler potential 

r Stem , 1967b J and idiere is the shell splitting function for noar- 

dipole magnetic fields, as given in A and also as implicit in the work 

of Pennington [ 196l] .The last two terms both lead to shell splitting, 

since both contain q , but only the latter one includes dependent's on 

the initial energy W • 

0 

iCKyowwacag, 

The author is grateful to Dr. Thomas Birmingham for his critical evaluation 
of this work and for his helpful comments. 
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